The precision obtainable in phenomenological applications of Chiral Perturbation Theory is currently limited by our lack of knowledge on the low-energy constants (LECs). The assumption that the most important contributions to the LECs come from the dynamics of the low-lying resonances, often referred to as the resonance saturation hypothesis, has stimulated the use of large-NC resonance lagrangians in order to obtain explicit values for the LECs. We study the validity of the resonance saturation assumption at the next-to-leading order in the 1/NC expansion within the framework of Resonance Chiral Theory (RχT). We find that, by imposing QCD short-distance constraints, the chiral couplings can be written in terms of the resonance masses and couplings and do not depend explicitly on the coefficients of the chiral operators in the Goldstone boson sector of RχT. As we argue, this is the counterpart formulation of the resonance saturation statement in the context of the resonance lagrangian. Going beyond leading order in the 1/NC counting allow us to keep full control of the renormalization scale dependence of the LEC estimates.
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I. INTRODUCTION
Chiral Perturbation Theory (χPT) is the effective field theory of Quantum Chromodynamics (QCD) at very-low energies [1] . Theoretical calculations in this framework have nowadays reached the two-loop level accuracy. The predictions from χPT are parameterized in terms of the O(p 4 ) and O(p 6 ) low-energy constants (LECs), which are not fixed by the chiral symmetry. Given the large uncertainties in the O(p 4 ) coupling estimates [2] , and the poor knowledge and huge number of O(p 6 ) couplings (90 in SU (3) and 53 in SU (2) [3] , just in the even intrinsic parity sector), a proper determination of LECs turns into a difficult task. Actually, one of the major problems for doing phenomenology using χPT at the two-loop level comes from our ignorance on these constants [4] .
Different theoretical approaches to determine the chiral couplings have been pursued recently (see for instance Ref. [5] for the state of the art in the context of lattice QCD or the recent work [6] in the framework of QCD sum-rules). Among the latter, the use of large-Nc lagrangians has been proven very fruitful [7, 8, 9, 10] . By integrating out the resonances fields, one can obtain the LECs parameterized in terms of resonance masses and couplings. The method relies on the assumption that the most important contribution to the LECs come from the physics of the low-lying resonances.
Resonance Chiral Theory (RχT) [7, 8, 9 ] provides a chiral invariant lagrangian description of the meson interactions in the resonance region, M ρ < ∼ E < ∼ 2 GeV, where the main problems to develop a formal effective field theory are the existence of many resonances with close masses and the apparent absence of a natural expansion parameter. The phenomenological lagrangian is nevertheless ruled by the 1/N C expansion [11] : tree-level interactions between the large-N C infinite spectrum of narrow states provide the leading order (LO) contribution to Green functions of QCD currents, being the nextto-leading order (NLO) corrections given by one-loop diagrams and subleading tree contributions
The Green functions generated from the resonance lagrangian must obey QCD short-distance constraints. The matching between Green functions evaluated from RχT [10] or constructed using general meromorphic functions with resonance poles [12, 13, 14, 15] and the asymptotic behaviour dictated by QCD yields valuable information on the resonance couplings. In this way Green functions describing the resonance region are used as a bridge between QCD and ChPT, allowing the determination of LECs in terms of a few hadronic parameters. This matching procedure has been realized at the practical level by approximating the hadronic spectrum to a finite number of states, thus introducing a model-dependence in the description. The truncation of the tower and the choice of an appropriate set of short-distance constraints for each case constitute the so-called Minimal Hadronic Approximation [12] , which can be implemented in an equivalent way by using general meromorphic functions or a chiral resonance lagrangian. An implicit hypothesis in the predictions obtained from RχT is that they should approach the actual values of the QCD low-energy constants as more and more resonances are added to the theory. This hypothesis is non-trivial and has been a subject of investigation in Refs. [15, 16, 17] . In particular, possible conflicts with the short-distance matching have been pointed out in Ref. [17] .
A systematic study of the large-N C determinations of the O(p 4 ) and O(p 6 ) χPT couplings within RχT has been undertaken in Refs. [7] and [9] , respectively. A wellknown drawback of the estimates obtained upon integra-tion of the resonances at tree-level is that we are unable to control their renormalization scale dependence, being the latter a subleading effect in 1/N C . Typically, these LO predictions are assumed to correspond to a value µ ∼ M ρ , but a large uncertainty from variations of the scale is unavoidable. Clearly, this arbitrariness on the choice of the scale for the LEC estimates disappears if the matching between χPT and RχT is done at the next-to-leading order in 1/N C in both theories (i.e. including loops with mesons), as it has been corroborated in recent attempts to determine the LECs at NLO within RχT [18, 19, 20, 21] .
The estimate for the constant L i of a χPT operator O i obtained from RχT depends on an equivalent (in principle unknown) constant L i , corresponding to the coupling of an operator with the same structure as O i , but living in the theory where the resonances are active degrees of freedom. At LO, it was found in Ref. [8] that the couplings L i corresponding to operators of chiral order O(p 4 ) were fixed in terms of resonance couplings and masses once short-distance QCD constraints were imposed in the effective lagrangian. In particular, they were found to be zero in the antisymmetric tensor formalism for spin-1 fields [8] . Therefore, upon tree-level integration of the resonances, one obtains predictions for the χPT low-energy couplings in terms of just resonance parameters related to operators which involve resonance fields. The later statement provides a precise definition of what should be understood by resonance saturation in the context of RχT. It is the aim of this work to show that the statement also holds when NLO corrections in 1/N C in RχT are considered: the L i get as well fixed in terms of resonance parameters and, consequently, the prediction for the LECs only depend on the values of the resonance couplings and masses. This result has been used implicitly in recent works [20, 21] , where NLO estimations of the constants L 8 , C 38 and L 10 , C 87 were extracted from the analysis of the SS − P P and the V V − AA correlators, respectively. The present paper is intimately related to Ref. [22] , which was devoted to the same subject considering a RχT lagrangian with just Goldstones, scalar and pseudoscalar resonances [23] . Here we provide the general proof including also vector and axial-vector mesons, thus clarifying the role of resonance saturation in a wider range of applications.
The outline of the paper is as follows. In Section II we introduce the aspects of χPT and RχT which are relevant for our case, focusing on the structure of the lagrangians and their related couplings and power-counting. In Section III we discuss the precise meaning of resonance saturation in the framework of RχT, and give specific examples at leading and next-to-leading order in 1/N C . In Section IV we prove that resonance saturation is fulfilled for those LECs related to QCD amplitudes obeying highenergy constraints. The demonstration will be based on a careful analysis of the analytic structure of the matrix elements calculated with RχT up to NLO. Finally, Section V summarizes our results.
II. CHIRAL RESONANCE LAGRANGIAN
Chiral Perturbation Theory is organized as a perturbative expansion in powers of light quark masses and derivatives of the Goldstone fields [1] ,
with
contains only two couplings, the meson decay constant in the chiral limit F and the constant B 0 inside χ + ∼ m q B 0 , related to the quark condensate. The chiral tensor u µ contains a derivative acting on the Goldstone fields so it is of order p in the chiral counting. The tensor χ + ∼ O(M 2 π ) counts as order p 2 in the standard formulation of χPT where the light quark mass and the momenta are related. The low-energy constants in the effective lagrangian are not fixed by symmetry requirements and their number increases quickly with the chiral order. At O(p 4 ) ten additional couplings are allowed by the chiral symmetry:
where the SU (3) case has been considered and we have dismissed contact terms and operators that vanish when the equations of motion are used. We have showed explicitly the form of the O(p 4 ) chiral structures to identify the relevant Green functions to which the LECs L i contribute. Since the vector, axial-vector, scalar and pseudoscalar sources are contained in the chiral tensors f For O(p 6 ) accuracy we have to account for 90 new independent terms only in the even intrinsic parity sector with coefficients C i ,
From an effective field theory point of view, the Goldstone interactions at low-energies are affected by the dynamics of hadronic states of higher masses (resonances), which have been integrated out. These effects can be studied systematically with the help of a lagrangian description of the chiral invariant Goldstone-resonance interactions which takes the 1/N C expansion as a guiding principle, as described in Refs. [7, 8, 9] . The lagrangian of Resonance Chiral Theory can be organized according to the number of resonance fields in the interaction terms,
where R i stands for resonance multiplets of vectors
, scalars S(0 ++ ) and pseudoscalars P (0 −+ ). In order to carry out the matching of RχT and χPT, one is forced to truncate the infinite tower of resonances of the large-N C spectrum to a finite amount of them. As more hadrons are added to the theory, the RχT amplitudes are expected to approach progressively its actual large-N C value [12, 13] . The arguments that will be used to establish resonance saturation in the next sections can be easily generalised to any number of multiplets. To simplify the discussion we will nevertheless assume in the following a large-N C lagrangian L RχT truncated to the lowest-lying resonance multiplet in each channel.
The term
+ . . . in Eq. (5) is the Goldstone chiral lagrangian, which shares the same general operator structure as the χPT lagrangian (1). However, the values of the
, since the Goldstone self-interactions in the presence of resonances differ from those at low-energies where the resonances have been integrated out. Therefore a new set of (a priori unknown) constants is introduced in the Goldstone sector of the resonance lagrangian.
Adopting the antisymmetric tensor formalism to describe the spin-1 resonance fields, the second term in Eq. (5) reads [7] 
where only the terms with a chiral tensor of O(p 2 ) have been shown. The lagrangian (6), supplemented with the kinetic and mass terms for the resonance fields, yields the most general lagrangian that can give contributions to the O(p 4 ) LECs after integrating out the resonances at tree-level (i.e. at LO in the large-N C expansion) [7, 8] . The latter is easily understood because integrating out a resonance field R i yields a series of chiral monomials starting at O(p 2 ). Thus for the chiral O(p 6 ) LECs, the terms in L Ri , L RiRj and L RiRj R k with chiral tensors of order p 4 , p 2 and p 0 , respectively, are required (the complete basis of operators can be found in Ref. [9] ). This counting does not necessarily apply at NLO in 1/N C because resonances occur inside loops. The loop integration can trade off powers of p 2 for resonance masses, so that the low-energy expansion of such contributions can yield monomials in p 2 of lower order than expected by dimensional analysis. Thus resonance interactions with higher derivatives that do not contribute to O(p 4 ) and O(p 6 ) LECs upon integration at tree-level can become relevant when loop effects are taken into account. Since our analysis concerns the determination of the LECs including one-loop contributions in the resonance chiral theory, we shall formally consider resonance terms in L RχT with chiral tensors of arbitrary order. Nevertheless, for most phenomenological applications the interactions with large number of derivatives in Eq. (5) can be shown to violate the QCD ruled asymptotic behavior of Green functions and form factors at high energies, and thus get severely restricted.
III. RESONANCE SATURATION IN RχT
The notion of resonance saturation has been vaguely used in the literature of low-energy QCD to designate a number of cases where the strong interactions are essentially described by meson-resonance exchanges. In the framework of the large-N C -inspired lagrangian of Eq. (5), resonance saturation is linked to the estimation of the chiral LECs from the knowledge of the resonance parametes. In particular, it is related to the role of the couplings in the Goldstone sector L GB , as we argue next. Upon integration of the resonances one gets an expression for any chiral coupling in terms of the parameters in the RχT lagrangian:
where f i (M R , α R ) and g i (M R , α R ) are the contribution stemming from the low-energy expansion of the resonance contributions (i.e. from the diagrams that contain resonance lines), which include one-loop diagrams if we work at NLO in 1/N C . M R denotes generically the resonance masses while α R stands for the RχT couplings accompanying operators with resonance fields. Clearly, Eq. (7) is useless for determining the LECs if the couplings L i in the Goldstone boson sector of L RχT remain unknown parameters. We shall state that resonance saturation is fulfilled in the matching between L RχT and L χPT if the L i couplings get fixed completely by the short-distance constraints, so that the L i are then given as functions of only M R and α R . This definition implies that the saturation is accomplished for any value of the χPT renormalization scale µ (the "extreme" version of resonance saturation pointed out in Ref. [18] ).
The condition of resonance saturation was confirmed at leading-order in 1/N C for the O(p 4 ) LECs in Refs. [7, 8] . In the RχT formulation where spin-1 resonances are described by antisymmetric tensor fields it was found that the L i actually vanish due to short-distance constraints and Eq. (7) turns out to be
that is, one is able to determine the O(p 4 ) chiral couplings of Eq. (3) in terms of the resonance parameters in Eq. (6) . For the O(p 6 ) LECs C i a complete analysis of the saturation hypothesis has not been yet performed but it has often been assumed to hold in phenomenological applications. (For a recent review of the status of the LEC determinations from RχT see Ref. [24] and references therein).
As an illustrative example of how the saturation is fulfilled at leading order in 1/N C , let us consider the twopoint correlation functions of two vector or axial-vector currents in the chiral limit. Of particular interest is their difference Π(q
. At large N C , the resonance lagrangian of Eq. (5) produces for the V V −AA charged correlator [21] Π(q 2 ) = 2F
being q the momentum flowing into the current vertex. In Eq. (9) we have explicitly shown contributions from L GB up to chiral order p 6 . From QCD we know that this correlator vanishes when q 2 → ∞ [25] . Imposing this behavior in Eq. (9), one gets that L 10 = C 87 = 0. The same correlator computed at low-energies with the χPT lagrangian gives
Comparing this result with the low-energy expansion of Eq. (9), one is able to estimate the corresponding chiral couplings as a function of the resonance masses and couplings only:
Note that the important point for the resonance saturation condition to hold is that the value of the corresponding L GB couplings have been fixed by requiring the right short-distance behaviour of the Green function computed with the resonance theory. A fixed but non-zero value for the L GB couplings can be required for consistency with QCD if a different representation for the spin-1 resonance fields (the Proca formalism, for example) is chosen [8] . A similar situation has also been found in a recent analysis of spin-2 resonances [26] , which shows that some of the coefficients in L GB must be different from zero, though the χPT LECs get finally determined in terms of resonance parameters only.
The resonance saturation condition applies also at next-to-leading order in the 1/N C expansion. We consider again the case of the V V − AA correlator Π(q 2 ) as an example. Its expression up to NLO within RχT can be split in the following way:
The term Π 'good' (q 2 ) collects the part of the amplitude which vanishes at high energies, while Π 'bad' (q 2 ) and Π GB (q 2 ) collect the pieces which grow as O(q 0 ) or faster for large q 2 . The piece Π GB (q 2 ) arises from the local contributions of L GB ,
and only one-loop diagrams contribute to the piece Π 'bad' (q 2 ), since the tree-level meson exchanges already satisfy the short-distance constraints. Resonance saturation states that the local terms L i , C i . . . get fixed once the correct asymptotic behavior is imposed in the theory. In the case at hand, the short-distance constraint implies that
and consequently
From the low-energy expansion of Eq. (15) one can extract estimates for the renormalized chiral couplings L 
whereΠ χPT is the V V − AA correlator in χPT [1] without the local contributions L r 10 , C r 87 ..., which have been isolated on the l.h.s. of the equations above. The cancellation of the ln (−q 2 ) terms in the differences in the r.h.s of Eqs. (16) is ensured because RχT reproduces χPT at low energies. As a consequence, the limits are well defined for q 2 → 0 and the µ dependence ofΠ χPT (q 2 ; µ) gives the right renormalization scale running of the χPT LECs.
The solution of Eq. (14) for the L GB couplings requires that Π bad (q 2 ) does not have non-polynomial terms (like log(−q 2 )). In Section IV A, we show that for a general two-point correlator of two currents the non-polynomial terms can be made to vanish by a suitable set of the tree-level resonance parameters. To extend the saturation condition to the LECs related to the pion form factors and to Goldstone boson scattering one has to impose in an analogous way that the parts with the wrong asymptotic behaviour in the corresponding amplitudes can be made free of non-polynomial terms. Sections IV B and IV C deal with the proof for the pion form factors and for Goldstone scattering, respectively.
Resonance saturation at NLO with a resonance lagrangian involving only scalars and pseudoscalars mesons was discussed in Ref. [22] . There it was found that for those LECs which get tree-level contributions from scalar and pseudoscalar resonance exchange (namely L 4−8 ), the corresponding local couplings in RχT get fixed to L i = 0. This more restrictive condition arises because the analysis in Ref. [22] proved that the short-distance conditions on the SS and P P correlators yield Π bad (q 2 ) = 0, so that L i = C i = 0 follow from Eq. (14) . A key ingredient in the proof of Ref. [22] was that the spin-0 resonance propagator behaves as O(1/q 2 ) for large q 2 . In this work we address the more general case which accounts also for spin-1 resonance fields. They are conventionally described in RχT in the antisymmetric tensor field formalism though other formalisms can be used [7, 8] . Contrary to the spin-0 case, the propagator of a massive spin-1 particle scales like O(q 0 ) for q 2 → ∞. Recall, for instance, the form of the propagator in the Proca formalism,
Similarly, the antisymmetric field propagator contains a piece that does not fall off as O(1/q 2 ) for q 2 → ∞ (see Ref. [7] for the explicit expression). Therefore, the conclusions obtained for scalar and pseudoscalar resonances by inspection of the large q 2 behaviour of the one-loop amplitudes in Ref. [22] do not translate trivially to the case of vectors and axial-vector resonances, which require an independent analysis.
IV. QCD AMPLITUDES AT NLO IN 1/NC
In this section we analyze the asymptotic behaviour for large momenta of the amplitudes which are relevant to fix the L GB couplings through conditions analogous to Eq. (14) . In particular, we prove that non-polynomial terms do not appear in the latter conditions when the amplitudes obey the short-distance constraints.
The leading-order term in the large-q 2 expansion of a RχT one-loop amplitude is obtained easily by simple dimensional analysis. The large-q 2 counting rules are that any vertex with a chiral tensor of order p (2n) yields at most q 2n . Spin-0 and spin-1 propagators outside the (17)). The loop integration measure gives d 4 k ∼ q 4 . The chiral tensors containing the external currents (i.e. χ ± and f µν ± ) can be booked as O(q 0 ) once we drop the momentum tensor structure introduced by the vector and axial-vector currents. As an example, the tree-level exchange of a vector resonance in the correlator of two vector currents (Π V V ) counts as 1/q 2 according to the rules, which is clear from the explicit result:
One-loop corrections to Π V V arise from diagrams as those shown in Fig. 1 
. The generalization of our findings for the case of higher-order interaction terms would be straightforward.
A. Two-point correlators
Let us consider the two-point functions built from two scalar (SS) or pseudoscalar (P P ) densities, or vector (V V ) or axial-vector (AA) currents. Their tree-level expressions are given by one-particle exchanges, so they are booked as O(q −2 ) at large energies according to the counting explained above. On the other hand, the oneloop diagrams can give up to O(q 4 ) terms if we allow for spin-1 mesons in the absorptive part. After reduction to scalar integrals, all one-loop terms are proportional to the scalar two-and one-point functions [27] . Expanding out the coefficients in front of 1 When the vector (axial-vector) resonance is connected to an external vector (axial-vector) current, the part of the spin-1 propagator which behaves as O(q 0 ) for large q 2 does not contribute because of the structure of the vertices. The same holds when the vector resonance is coupled to a pair of Goldstone bosons.
the scalar integrals for q 2 → ∞, the one-loop amplitude has the form [16, 22] 
where the sum in n extends to all pairs of virtual mesons with masses M i , M j that occur in the loops, and λ
and γ (2k) are combinations of resonance parameters. The superindex (2k) refers to the order at large-q 2 of the corresponding term. If we further expand the scalar functions around q 2 = ∞, the one-loop amplitude shows the general analytical structure (20) with M R some arbitrary mass scale chosen to make the argument of the logarithms dimensionless. Note that the logarithmic part contains the absorptive contributions which define the spectral function Im Π(q 2 ). Local terms from L GB also contribute to the correlators through a polynomial in the L i , C i . . . couplings:.
where the L J , C J ... refer to corresponding LECs or combination of them for the amplitude under consideration. As mentioned in Section II, the relevant O(p 4 ) couplings for the correlators in the chiral limit are L 6−8 and L 10 . The L GB couplings in Eq. (21) should be understood as bare parameters, which absorb the local ultraviolet divergences that may be contained in theγ (2k) . The amplitudes for the linear combinations of correlators SS − P P and V V − AA also have the form shown in Eqs. (19, 20) . These correlators are particularly useful for the purposes of determining the LECs, since we know they must vanish for q 2 → ∞, as dictated by perturbative QCD [25] . This requirement translates into conditions on the terms shown in Eq. (20) , which have the wrong short-distance behaviour. Due to their different analytical structure, the cancellations must occur separately for the logarithmic and polynomial parts. The vanishing of the non-polynomial part requires thatλ (2k) = 0. The cancellation of the remaining polynomial is then achieved by tuning the local contributions from L GB to fulfill the equations
These constraints fix the value of the corresponding L GB couplings that contribute to the V V − AA and SS − P P correlators. Thus, the piece with the wrong high-energy behaviour disappears from the calculation and becomes irrelevant for the matching with χPT at low-energies.
Let us mention that a more restrictive condition than λ (2k) = 0 has been used in the literature [20, 21] to enforce the right short-distance behaviour. The spectral function Im Π(q 2 ) associated to the SS, P P , V V and AA correlators are the sum of absorptive contributions corresponding to the different intermediate states,
At one-loop, any of the possible absorptive contributions, n, comes from the two-particle cuts in the diagrams of Fig. 1 . At large q 2 the vector and axial-vector spectral functions tend to a constant whereas the scalar and pseudoscalar ones grow like q 2 [25] . Therefore, since there is an infinite number of possible states, the absorptive contribution in the spin-1 correlators coming from each intermediate state should vanish in the q 2 → ∞ limit if we assume a similar short-distance behavior for all of them. The high-energy behavior of the spin-0 spectral functions is not so clear as, a priori, a constant behavior for each intermediate cut does not seem to be excluded. However, the fact that Π SS (q 2 ) − Π P P (q 2 ) vanishes as q −4 [25] , the Brodsky-Lepage rules for the form factors [28] and the q −2 behavior of each one-particle intermediate cut seems to point out that every absorptive contribution to Im Π(q 2 ) must also vanish at large momentum transfer.
This assumption translates into λ (2k) n = 0 in Eq. (19), which is a particular solution of the more general conditionλ (2k) = 0 pointed out above.
B. Pion form factors
We now turn to the analysis of the saturation condition for the LECs related to the scalar form factor (L 4 and L 5 at O(p 4 )), and with the vector form factor of the pion (L 9 ). The tree-level expression of the pion form factors behaves now as O(q 0 ) at large energies, while one-loop corrections given by the RχT lagrangian are up to O(q 8 ). The allowed topologies with absorptive two-meson cuts are shown in Fig. 2 . The main difference with respect the analysis for the two-point correlators comes from the presence of triangle graphs. After the reduction of the one-loop diagrams to scalar functions, the form factor in the q 2 → ∞ expansion reads 
The sum over n extends to every s-channel two-particle cut in the diagrams of Fig. 2 involving mesons M i and M j . The three-point functions C 0 are generated from the triangle diagrams with internal masses M i,j,ℓ , where the subindex 'ℓ' labels the virtual meson connecting the two outgoing pions. As before, the quantities κ
and γ (2k) are combinations of resonance parameters (which obviously differ from those in Eq. (19), although we are using the same notation). It is straightforward to check that terms of order q 4 , q 6 and q 8 proportional to C 0 do not show up if we stick to resonance interaction terms with a chiral tensor of at most O(p 2 ). Note that since C 0 behaves asymptotically as 1/q 2 , the term κ
n,ℓ is of O(q 2 ) for large q 2 . The expansion of the scalar functions at high energies leads to the analytic structure
with M R some arbitrary mass scale chosen to make the argument of the logarithms dimensionless. The log squared terms arise from the C 0 functions. The contributions to the form factor from L GB start now at O(q 2 ):
where, again, L J and C J refer to the corresponding combination of the O(p 4 ) and O(p 6 ) LECs, respectively. As an example, for the vector form factor one has L J = 2 L 9 and C J = 4 C 90 − 4 C 88 . Based on the Brodsky-Lepage rules for the form factors of QCD currents [28] , and on the large-q 2 behaviour of the spin-0 and spin-1 current correlators (O(q 2 ) for the spin-0 and O(q 0 ) for the spin-1 case) obtained from perturbative QCD, we can expect that the pion form factors behave at worst as a constant for q 2 → ∞. This short-distance constraint requires that the terms shown in Eqs. (25, 26) vanish when put together. The vanishing of the logarithmic terms implies the constraintŝ λ (2k) =κ (2k) = 0, and already lead to a well behaved spectral function Im F (q 2 ). As a result, only polynomial terms remain in Eq. (25) , which must be canceled with the local terms in Eq. (26) by a suitable choice of the couplings of L GB . The procedure leads to equations analogous to those shown in Eq. (22) . In this way, the expressions for the RχT vector and scalar pion form factors with the proper shortdistance behaviour do not longer depend on the L i , C i . . . couplings. Thus, the related χPT couplings (L 4 , L 5 and L 9 at O(p 4 )) get determined in terms of the resonance parameters at NLO in 1/N C through a matching with the RχT result at low-energies.
As in the case of the two-current correlators, it is possible to consider the more stringent constraints which follow from requiring that each individual contribution to the spectral function Im F (q 2 ) vanish at high energies. This is achieved by the conditions λ
n,ℓ = 0 for any s-channel absorptive cut n.
We want to emphasize that Sections IV A and IV B generalize the results of Ref. [22] to the case when both spin-0 and spin-1 resonance fields are present in RχT.
C. Goldstone boson scattering
The 2 → 2 Goldstone boson scattering amplitude allows us to determine the O(p 4 ) χPT couplings L 1 , L 2 and L 3 . The tree-level expression behaves as O(q 2 ) at large energies, while one-loop corrections can be up to O(q 12 ) if spin-1 mesons are included in the theory. The relevant one-loop topologies are given in Fig. 3 .
The study of the Goldstone scattering is more involved because the amplitudes depend in this case on two kinematic invariants, usually chosen among the Mandelstam variables s, t, u. In order to obtain useful constraints from high-energies, it is convenient to consider s ↔ u symmetric amplitudes T (ν, t), with ν ≡ (s − u)/2 [8, 26] . In that case, the forward scattering amplitude T (ν, t = 0) must obey a once-subtracted dispersion relation
with ν = s = −u for t = 0. Thus, at high energies one finds the behaviour T (ν → ∞, 0) ∼ ν 0 . Note that T (ν, 0) can only depend on ν 2 for s ↔ u symmetric amplitudes. The scattering amplitude calculated at one-loop within RχT contains scalar integrals with up to four propagators. A given one-loop diagram thus has the general form
where we have shortened the notation by omitting the mass dependences of the scalar functions B 0 , C 0 and D 0 . Likewise, the dependence on the external leg momenta (p 2 i = 0) is assumed implicitly. The factors a(s, t, u), b(s, t, u), c(s, t, u) and d(s, t, u) are rational functions with at most resonance double poles which depend on the structure of the meson vertices. If we consider the s ↔ u symmetric amplitude with t = 0, the large-ν expansion of the one-loop scattering amplitude shows the general structure It can be shown that for the case of the forward scattering the ln 2 (−ν 2 /M 4 R ) terms only arise from the three-point scalar functions. Local terms from the operators in L GB also contribute to T (ν, 0),
with L J the O(p 4 ) coupling or combination of them for the corresponding scattering amplitude. For instance, L J = 8(2 L 1 + 2 L 2 + L 3 ) for the π 0 π 0 → π 0 π 0 channel in the chiral limit.
In order to recover the proper short-distance behavior, T (ν → ∞, 0) ∼ ν 0 , one needs that the bad behaved logarithmic terms get canceled, which is satisfied by the conditionsλ (2k) =κ (2k) = 0. The polynomial pieces can be further made to vanish by establishing relations among theγ (2k) coefficients and the couplings L J similar to Eqs. (22) . Hence, only the well-behaved part of the amplitude, which does not depend on the L GB couplings, determines the scattering amplitude, in agreement with the requirements of resonance saturation.
More stringent constraints may also be considered for the scattering amplitude. The absorptive part Im T is given by a sum of positive contributions coming from every possible 2-particle cut in the s-channel. Since there is an infinite number of intermediate states, it seems reasonable to expect that the contribution of each of them should vanish at high energies in order to have a O(ν 0 ) behaviour for the total absorptive part.
V. SUMMARY
Resonance Chiral Theory supplemented with large-N C arguments to rule its perturbative expansion provides a framework to obtain predictions for the low-energy constants of χPT in a systematic way. Resonance saturation within this formalism can be defined precisely: it states that the χPT LECs can be written in terms of only the resonance couplings and masses. The statement is not trivially satisfied because the RχT amplitudes also depend on the parameters L i , C i , . . . of the Goldstone boson sector which describes the self-interactions of the Goldstone bosons in the presence of resonances.
In this work we have proved that the saturation of the LECs holds at NLO in 1/N C , i.e. including one-loop corrections in RχT. Through an analysis of the analytic structure of the two-point correlators, the pion formfactors and the Goldstone scattering amplitude we have shown that the values of the parameters L i , C i , . . . can be fixed once we enforce the QCD short-distance behaviour to the corresponding amplitudes. The resulting RχT amplitudes get then written only in terms of parameters related to the dynamics of the resonances, and their lowenergy expansion yields predictions for the LECs. The matching between RχT and χPT is performed at the one-loop level in both theories, thus ensuring the cancellation of the chiral logs. Therefore the NLO estimates for the LECs obtained in this way do not suffer from the renormalization scale uncertainties inherent to the treelevel predictions.
The paper provides further insight on some of the conceptual aspects which have to be addressed in order to devise a consistent resonance effective lagrangian at the NLO in 1/N C , thus continuing the work initiated in Refs. [19, 22, 23] .
